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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 
The effect of the diameter of the shells of structural steel (0.6% C) on the parameters of the cumulative number distribution of 
fragments by mass and the cumulative mass distribution on fragment length is studied. We tested geometrically similar closed 
cylinders of different diameters with differ nt wall thicknesses, but maintaining a constant ratio of wall thickness to diameter f 
the shells equal to 0.175. Detonation velocity and pressure were 8300 m/s and 27 GPa, respectively. 
It was found that statistical fragment distributions by mass of the shells of different diameters are well described by the linear 
exponential relations, and with decreasing shell diameter, indices in these relations equal to reciprocal value of the characteristic 
mass increases. The diameter of the shell may affect the indices of cumulative mass distributions of fragments along their length 
described by a power function. With the increase in shell diameter, exponents in these equations are reduced, and the 
distributions are shifted to a shorter length fragments. These changes in the character and location of distributions are explained 
by change in the fragmentation mechanism. In the diagram, plotted using of the cumulated mass distributions on the fragment 
length for shells with different diameters, three parts corresponding to the three regimes of fragmentation is marked out. 
The initial stage of fragmentation of shells of small diameter (s ction I of the mass-fragment length dist ibuti n) is connect  
wi  the formation of small but numerous fragments limited by initial shear cracks on the inner surface of the shell. In the middle 
section II, which is linear in double logarithmic coordinates, the main sp ctrum fragmen s are formed, and his process develops 
steadily on the section II a, and with acceleration on the se tion II b, probably due to the transitio  from the shear to radial 
rupture fracture, accompanied by an increase in thickness of the fragments. On the last section III, corresponding to the fragment 
distribution of shell with the largest diameter, the length of the fragments is growing, but the cumulative mass remains almost 
constant, that is likely due to the formation of a relatively small number of longitudinal fragments of lesser thickness. 
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1. Introduction 
Researches on the analysis of scale effects of dynamic fragmentation are few, and they are often contradictory. 
Thus, the authors Ivanov et al. (1972) and Slate et al. (1967) noted a strong influence of the shell geometry on the 
fracture mechanism, unlike the authors, Botvina and Odintsov (2006), which found no significant influence of the 
wall thickness of the shell on the mechanism of dynamic fragmentation of three structural steels. According to study 
of Slate et al. (1967), increasing the wall thickness of spheres from zinc, copper, aluminum and copper - beryllium 
alloy leads to a change in ductile fracture by brittle fracture and growth of fracture deformation, which reaches a 
constant maximum value at the brittle fracture.  
 
Nomenclature 
D outer diameter, mm 
d inner diameter, mm 
Δ0 wall thickness, mm 
L length of shell, mm 
l fragment length, mm 
М mass of shell, g 
mEC mass of explosive charge, g 
ψ reduction of specimen, % 
ψ* reduction of fragment, % 
m fragment mass, g 
mEC mass of the explosive charge, g 
N number of fragments with the mass larger than m 
μ characteristic mass of fragment distribution 
 
The growth of the strain with the increase in the size of the specimens was observed by Zhang and Ravi-Chandar 
(2008), who examined regularities of deformation and fragmentation localization of expanding rings made of ductile 
metals (aluminum and copper) under dynamic loading, and found that with the increase in the absolute size of the 
specimen and, in particular, with an increase of its cross section, deformation of the beginning of the dynamic 
localization associated with the formation of the neck increased. According to the authors, this was due to the effects 
of plastic deformation wave propagation in larger specimens, resulted to an increase in the time before the beginning 
of the localization process. 
At the same time, another researcher, Banks (1968), linked the increase in ductility with increasing duration of 
action of compressive stresses, inhibiting the development of microcracks. In contrast to this result, Ivanov et al. 
(1972) showed that the amount of plastic deformation before fracture of geometrically similar shells decreases with 
increasing size. 
These works do not contain systematic information on influence of the material mechanical properties on the 
manifestation of scale effects, as well as about the changes in the fragment characteristic mass with an increase in 
the size of the shells assessed by analysis of the statistical distributions of the fragments after the test. 
Purpose of work is to clarify these questions by testing geometrically similar cylindrical shells from structural 
steels with different levels of strength and toughness. 
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2. Materials and methods of research 
To study the effects of size and mechanical properties of material on regularities of the fragmentation process, 
dynamic tests of shells (closed cylinders) from structural steels 20, 45Cr and 60 have been conducted. The 
geometric characteristics of shells, their mass and mass of the charge, as well as the mechanical properties of the 
material from which they were made, are shown in tables 1 and 2. The shells were geometrically similar, since ratio 
of wall thickness to the shell diameter remained constant and equal 0.175. 
Table 1. The geometry of the shells and mass of charge 
Outer diameter 
D, mm 
Inner diameter 
d, mm 
Wall thickness 
Δ0, mm 
Length L, mm Mass of shell 
М, g 
Mass of explosive 
charge, mEC ,g 
20.4 13.2 3.6 50.6 97 10.6 
34.2 22.2 6.0 85.0 457 50.5 
48.1 31.2 8.4 119.5 1270 140.0 
62.0 40.2 10.9 154.0 2730 300.0 
Table 2. Mechanical properties of the material of shells 
Material of 
shells 
Tensile strength 
σU, МPa 
Yield strength 
σY, МPа 
Elongation, δ, 
% 
Reduction, 
ψ, % 
Impact toughness 
KCU, МJ/m2 
steel 20 350 175 55.0 28.0 5.9 
steel 45Cr 950 670 16.5 5.8 1.1 
steel 60 850 575 16.0 5.1 0.5 
The shells were loaded by explosive way. As an explosive, C4 was used with a density of 1.64 g/cm3. The 
velocity of detonation, the specific heat of the explosion, and detonation pressure were 8300 m/s, 5.4 MJ/kg and 27 
GPa, respectively. Recapturing fragments of shells at the explosion was performed in a soft stopping medium 
(sawdust), after removal from which, the length (l), width (w) of the fragments and their mass (m) were measured. 
The rate of expansion of shells was evaluated by the Garni ratio:  
଴ܸ ൌ ඥʹܳට ଶఉሺ௞మିଵሻሺଶାఉሻ, 
where Q is the specific heat of explosive transformation, β= mEC/M is load factor (mEC is mass of the explosive 
charge, M is mass of the shell), the k is isentropic factor of detonation products (for the most explosive is taken 
equal to 3). 
Geometric similarity of the shells provided a constant load factor, and hence throwing speed, that is all the shells 
have been tested with the same load factor (the same unit load). The rate of deformation for the expanding 
cylindrical shell, which is inversely proportional to its linear size (ߝሶ=V/R, where V is the rate of expansion shell, R is 
its radius), changed with increasing radius in the range (1.29–0.44)*105 s-1. Due to the geometric similarity of shells, 
their mass and the mass of the explosive charge and, accordingly, the total energy of dynamic loading were 
proportional to the cube of the diameter of the cylinder. 
3. Results 
3.1. Evaluation of influence of the shell diameter on the characteristic mass of fragments 
Fig. 1a shows the cumulative distributions of shell fragments of different diameters made of steel 60. The solid 
lines in the graphs correspond to the exponential equation (1): 
ܰሺܯ ൐ ݉ሻ ൌ ଴ܰ݁ݔ݌ሺെ݉ ߤΤ ሻ,  (1) 
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where N is number of fragments with the mass larger than m, μ is the characteristic mass of fragments, which is 
the only parameter of this relation. 
 
a 
 
b 
 
Fig. 1 Cumulative distributions by mass of fragments of shells from steel 60 (a) with a diameter (D) 20, 4 (1), 34.2 (2), 48.1 mm (3) and the 
dependences (b) of the inverse values of the characteristic mass (1/μ) on the diameter of shells from steel 20 (1), 45Cr (2), and steel 60 (3) 
The values of the characteristic mass (more precisely, the inverse of characteristic mass) for shells of different 
diameters from the three steel estimated on the test data and the relation (1), and the corresponding correlation 
coefficients are shown in Table. 3. From the Table and Fig. 1 follows that for all steels, statistical mass distributions 
are well described by linear exponential relationships with correlation coefficients (R2) larger 0.93 (Table. 3), and 
with an increase in shell diameter the slope of distributions equal to the inverse of the characteristic mass (-1/μ) 
decreases in several times. 
In addition, there is its dependence on the strength of the shell material: the higher it is the greater the slope 
coefficient (-1/μ) in absolute value (Fig. 1b). The dependences of this factor on the diameter of the shells can be 
described either exponential or power-law relations with exponents slightly increasing with the increase in the 
strength of the shell material. To clarify this type of dependence, it is required increasing the number of data points, 
i.e., increase in the number of shells of different diameters. 
Table 3. Values of the characteristic mass fragments, exponents in the power ratio (2), the threshold fragment lengths 
corresponding to the boundaries of the average linear section of diagrams and values of the reduction fragments (ψ*)  
Shell 
material 
Diameter, 
D, mm 
-1/μ, 
1/g 
Average 
length of 
fragment 
lav, mm 
Fragment 
length λ1, mm 
Fragment 
length λ3, mm 
F=λ3/ λ1 Exponent 
in (1) n 
R2 Fragment 
reduction 
ψ*, % 
Steel 20 20.4 2.53 16.5 7.9 19.5 2.47 1.1 0.73 37 
 34.2 0.80 30.2 13.8 28.5 2.07 1.04 0.74 38 
 48.1 0.37 41.2 15.4 48.0 3.11 2.4 0.92 38 
 62.0 0.18 37.3 11.0 51.0 4.64 2.8 0.98 43 
Steel 60 20.4 5.32 14.4 6.8 18.5 2.72 2.7 0.91 19 
 34.2 1.45 21.1 11.8 22.0 1.87 3.5 0.91 23 
 48.1 0.96 22.2 12.3 24.7 2.01 0.9 0.86 29 
 
Analysis of tables 2, 3 leads to another important result. Namely, the decrease in the parameter 1/μ with 
increasing the shell diameter was larger for materials with smaller ductility, characterized by a lower elongation and 
reduction value and lower impact toughness KCU, estimated in the impact test of specimens with a U-shaped notch. 
Increasing the strength of the shell material results in a significant increase in the slope of the statistical distributions 
of fragments by mass. 
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Obviously, the larger the diameter of the shells, the lower the 1/μ - parameter and its sensitivity to mechanical 
properties. This means that this parameter characterizes the stress state of the shell material, probably approaching 
plane strain state with increasing wall thickness. Thus, despite the geometric similarity of the shells of different 
diameter, scale effect is manifested, and increasing the diameter leads to decrease in the absolute values of the 
characteristic mass. 
3.2. Effect of the shell diameter on the characteristics of the Schuhmann diagram 
Apart from the usual cumulative distributions of the fragments by mass, dynamic test results can be presented, 
according to Schuhmann (1940), in the form of dependency of the cumulative mass on the fragment length. Plotting 
of such distributions, call them distributions of the dynamic fragmentation (or Schuhmann’s diagrams), allows to 
identify fragmentation regimes corresponding to different prevailing mechanisms of formation of fragments, and to 
find common regularities linking the dynamic fragmentation process with kinetic processes occurring in other 
loading conditions. 
These distributions are close to the linear in double logarithmic coordinates, and according to Grady (2010), for 
brittle materials are described by the power law with an exponent varying in the range from 0.5 to 1.5. Fig. 2a and b 
show the Schuhmann diagrams plotted in usual and logarithmic coordinates for the shells of three diameters from 
steel 60. Table 4 shows the values of the exponents of power relations that describe these diagrams. It can be seen 
that the shape distribution varies with the shell diameter. 
Experimental points obtained when tested shells of diameter 20 and 34 mm, lie on a single straight line in the 
double logarithmic scale corresponding to the power relation (2) with the exponent n, shown in table 3. 
݈݃ሺσ݉ሻ ൌ ܣሺ݈݃ ݈ሻ௡  (2) 
The fragmentation diagram for shells of largest diameter shifted towards diagrams plotted for fragments of 
shorter length and is described by the same relation with the smaller exponent. 
These Schuhmann’s diagrams for metal shells of different diameters differ from the schematic representation of 
the diagrams (Fig. 2d), proposed by Grady (2010) and based on the analysis of experimental data on fragmentation 
of boron carbide and quartz glass. 
However, by normalizing the curve points represented in Fig. 2a on the coordinates of msc, lsc (equal to 2.65, 6.24, 
curve 1 in Fig. 2a; 3.25, 36.5, curve 2 and 1.23, 2.52, curve 3), we can "shift" curve 3 to the right and get the single 
distribution for shell fragments of different diameters (Fig. 2c). This distribution is similar in shape of Grady’s 
scheme and consists of three parts, characterizing the three fragmentation regimes, and is described by a power-law 
dependence on its middle portion with an exponent close to 3. 
Study of shells fracture mechanisms showed that although there are three fragmentation regimes corresponding to 
sections I, II, III (Fig. 2e), the fragmentation mechanism is changed within the linear section (II) of distribution. 
Modified Schuhmann’s scheme of distribution reflecting this change with distinguished regions corresponding to 
different fragmentation mechanisms and regimes is shown in Fig. 2e. Let us consider the fragmentation mechanisms 
of the shells on various stages of dynamic fracture. 
The distribution’s section I observed in Fig. 2b and selected on the diagram in Fig. 3, characterizes an initial 
fragmentation regime, connected to the formation of small, but numerous fragments limited by initial shear cracks, 
which forming on the inner surface of the shell, according to Odintsov (2002) and Botvina and Odintsov (2006). 
These are the so-called accompanying fragments, according to the classification of Odintsov (2002) forming in a 
zone adjacent to the inner surface. 
The middle linear section II of diagram corresponds to the regime of formation of fragments of the main 
spectrum, emerging at the development of cracks in the entire thickness of the shell and containing, therefore, 
portions of its outer and inner surface. From the diagram, plotted in ordinary coordinates (Fig. 2a, curves 1 and 2), it 
follows that, like any curve described by a power function, it consists of a region of a slow, steady and rapid growth 
of the cumulative mass, associated with the transition from the initial shear to the radial fracture by rupture. 
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Diameter, 
D, mm 
-1/μ, 
1/g 
Average 
length of 
fragment 
lav, mm 
Fragment 
length λ1, mm 
Fragment 
length λ3, mm 
F=λ3/ λ1 Exponent 
in (1) n 
R2 Fragment 
reduction 
ψ*, % 
Steel 20 20.4 2.53 16.5 7.9 19.5 2.47 1.1 0.73 37 
 34.2 0.80 30.2 13.8 28.5 2.07 1.04 0.74 38 
 48.1 0.37 41.2 15.4 48.0 3.11 2.4 0.92 38 
 62.0 0.18 37.3 11.0 51.0 4.64 2.8 0.98 43 
Steel 60 20.4 5.32 14.4 6.8 18.5 2.72 2.7 0.91 19 
 34.2 1.45 21.1 11.8 22.0 1.87 3.5 0.91 23 
 48.1 0.96 22.2 12.3 24.7 2.01 0.9 0.86 29 
 
Analysis of tables 2, 3 leads to another important result. Namely, the decrease in the parameter 1/μ with 
increasing the shell diameter was larger for materials with smaller ductility, characterized by a lower elongation and 
reduction value and lower impact toughness KCU, estimated in the impact test of specimens with a U-shaped notch. 
Increasing the strength of the shell material results in a significant increase in the slope of the statistical distributions 
of fragments by mass. 
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Obviously, the larger the diameter of the shells, the lower the 1/μ - parameter and its sensitivity to mechanical 
properties. This means that this parameter characterizes the stress state of the shell material, probably approaching 
plane strain state with increasing wall thickness. Thus, despite the geometric similarity of the shells of different 
diameter, scale effect is manifested, and increasing the diameter leads to decrease in the absolute values of the 
characteristic mass. 
3.2. Effect of the shell diameter on the characteristics of the Schuhmann diagram 
Apart from the usual cumulative distributions of the fragments by mass, dynamic test results can be presented, 
according to Schuhmann (1940), in the form of dependency of the cumulative mass on the fragment length. Plotting 
of such distributions, call them distributions of the dynamic fragmentation (or Schuhmann’s diagrams), allows to 
identify fragmentation regimes corresponding to different prevailing mechanisms of formation of fragments, and to 
find common regularities linking the dynamic fragmentation process with kinetic processes occurring in other 
loading conditions. 
These distributions are close to the linear in double logarithmic coordinates, and according to Grady (2010), for 
brittle materials are described by the power law with an exponent varying in the range from 0.5 to 1.5. Fig. 2a and b 
show the Schuhmann diagrams plotted in usual and logarithmic coordinates for the shells of three diameters from 
steel 60. Table 4 shows the values of the exponents of power relations that describe these diagrams. It can be seen 
that the shape distribution varies with the shell diameter. 
Experimental points obtained when tested shells of diameter 20 and 34 mm, lie on a single straight line in the 
double logarithmic scale corresponding to the power relation (2) with the exponent n, shown in table 3. 
݈݃ሺσ݉ሻ ൌ ܣሺ݈݃ ݈ሻ௡  (2) 
The fragmentation diagram for shells of largest diameter shifted towards diagrams plotted for fragments of 
shorter length and is described by the same relation with the smaller exponent. 
These Schuhmann’s diagrams for metal shells of different diameters differ from the schematic representation of 
the diagrams (Fig. 2d), proposed by Grady (2010) and based on the analysis of experimental data on fragmentation 
of boron carbide and quartz glass. 
However, by normalizing the curve points represented in Fig. 2a on the coordinates of msc, lsc (equal to 2.65, 6.24, 
curve 1 in Fig. 2a; 3.25, 36.5, curve 2 and 1.23, 2.52, curve 3), we can "shift" curve 3 to the right and get the single 
distribution for shell fragments of different diameters (Fig. 2c). This distribution is similar in shape of Grady’s 
scheme and consists of three parts, characterizing the three fragmentation regimes, and is described by a power-law 
dependence on its middle portion with an exponent close to 3. 
Study of shells fracture mechanisms showed that although there are three fragmentation regimes corresponding to 
sections I, II, III (Fig. 2e), the fragmentation mechanism is changed within the linear section (II) of distribution. 
Modified Schuhmann’s scheme of distribution reflecting this change with distinguished regions corresponding to 
different fragmentation mechanisms and regimes is shown in Fig. 2e. Let us consider the fragmentation mechanisms 
of the shells on various stages of dynamic fracture. 
The distribution’s section I observed in Fig. 2b and selected on the diagram in Fig. 3, characterizes an initial 
fragmentation regime, connected to the formation of small, but numerous fragments limited by initial shear cracks, 
which forming on the inner surface of the shell, according to Odintsov (2002) and Botvina and Odintsov (2006). 
These are the so-called accompanying fragments, according to the classification of Odintsov (2002) forming in a 
zone adjacent to the inner surface. 
The middle linear section II of diagram corresponds to the regime of formation of fragments of the main 
spectrum, emerging at the development of cracks in the entire thickness of the shell and containing, therefore, 
portions of its outer and inner surface. From the diagram, plotted in ordinary coordinates (Fig. 2a, curves 1 and 2), it 
follows that, like any curve described by a power function, it consists of a region of a slow, steady and rapid growth 
of the cumulative mass, associated with the transition from the initial shear to the radial fracture by rupture. 
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Fig. 2. (a, b) dependences of the cumulative mass of shell fragments from steel 60 on the length with a diameter of 20, 4 (1) 34, 2 (2) and 48, 1 
(3) mm in ordinary (a), the logarithmic (b) and (c) the relative coordinates; (d) the cumulative mass - length distribution of the fragment, 
proposed by Grady (2010) and (e) the modified Schuhmann’s scheme for shells of different diameters 
This transition is caused by the change of the fragmentation mechanism that occurs at the points marked by arrow 
in Fig. 2a, b, and their corresponding point T shown in the diagram (Fig. 2e) that divides the diagram into two parts 
of the stable (II a) and fast (II b) change of mass at reaching the fragment length λ2 accompanied by increasing 
thickness and fragments lengths. Such sections of stable and accelerated growth of the cracks were selected also on 
the diagram of fatigue crack development by Ritchie and Knott (1973). 
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Upon reaching the length of the fragments λ3, transition to the fragmentation regime corresponding to section III 
of the diagram (table 3) proceeds. This regime is characterized by an increase in the length of the fragments at the 
mass that remains almost constant. It is probably due to the formation of a relatively small number of longitudinal 
fragments with lower thickness. The basis for this supposition is the fact that as the accumulated mass is 
proportional to the cube of the linear fragment size; increasing its length at a constant weight must be accompanied 
by a decrease both thickness and fragment width. Increased reduction value of shell fragments (table 3) with the 
increase in diameter is a confirmation of this assumption. 
The fragmentation regime on a section III also obeys a power law relation (1), but with the smaller exponent 
close to one.  
Increase in diameter of a shell leads to the fact that stages I and II are not revealed, and fragmentation begins at 
once with formation of fragments of the basic spectrum (the regime II), smaller by the size in comparison with 
fragments of shells of smaller diameter. Therefore, fragmentation diagram is shifted to the left relative diagrams 
plotted for shells of smaller diameter (curve 3 in Fig. 2a). 
Table 3 shows that the average length of the fragment, the extension of a middle part of diagram, characterized 
by the ratio F = λ3/ λ1, and the exponent n of the power law relation describing this section, depend both on the 
diameter and the mechanical properties of the shell material. The average fragment length is reduced with the 
increase in material strength, and grows with the increase in diameter. The third part appears on the diagrams plotted 
for shells of the largest diameter from steel 60 and 45Cr, and on the diagrams of ductile steel 20, on the contrary, at 
tests of shells of smaller diameters. The exponent n in (2) increases with increasing diameter, but it is significantly 
reduced at testing of the shells from steel 45Cr and 60 with the maximum diameter. 
4. Discussion 
Schuhmann’s distribution was previously plotted for brittle materials only - boron carbide and quartz glass 
(Grady, 2010). Exponent of the power law relation, which describes the distribution in these cases varied in the 
range of 0.5 <n< 1.5. The study revealed that, for the shells of relatively ductile materials (metals), it is wider and 
changes in the range of 0.9 <n< 3.5. However, the shape of distributions is preserved and remains generally similar 
(except for the third horizontal section) to the form of fatigue fracture diagrams (Ritchie and Knott, 1973) exhibiting 
an intermediate region described by a power law relation. According to Grady (2010), who paid attention to this 
similarity, the formation of linear region on diagrams in both cases is due to the absence of the characteristic size of 
the fragment, revealing the fractality of fragmentation process noted by Turcotte (1986), and due to the lack of 
dependence of the physical features of fracture on the fragment length. However, at the point T diagram (Fig. 3) 
fracture mechanism is changed as in the case of fragmentation, and in case of fatigue. 
Therefore, can be another explanation for the observed similarity of fragmentation and fatigue fracture diagrams. 
Indeed, both diagrams correspond to the power law dependences of the cumulative fragment mass (proportional to 
the cube of the fragment length) on its length (in the case of fragmentation) and of the rate of increasing the fatigue 
crack length on the range of the stress intensity factor proportional to the square root of the crack length (in the case 
of fatigue failure). 
Based on the properties of power law functions, these relationships in double logarithmic coordinates are linear in 
a certain range of crack lengths corresponding to a change of the fracture mechanism at the point T (Fig. 3). The 
length of the fatigue crack and the average length of the fragment λ2 at this point is the characteristic scale, reaching 
of which leads to an accelerated power-law growth of the cumulative fragment mass detected at Schuhmann’s 
distribution plotted in conventional coordinates (Fig. 2a). 
Fractal curve also reflects the accelerated power-law growth of perimeter of irregular line (for example, the 
perimeter of the fracture surface profile) with changing the line segment measured. The greater the irregularity of 
fracture surface profile forming at fracture of ductile metal, the greater the exponent (or the fractal dimension) of 
fractal curve. And although in this case, the failure mechanism is not changed, the characteristic size should also be 
detected on the fractal curve plotted in the usual coordinates. 
Indeed, measuring the perimeter of the irregular surface by long segment, we essentially ignore this fracture 
mechanism until the measured segment will not be comparable to details of the fracture surface. The transition to 
such a "structurally sensitive" segment of measurement is equivalent to changing the fracture mechanism, providing 
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Fig. 2. (a, b) dependences of the cumulative mass of shell fragments from steel 60 on the length with a diameter of 20, 4 (1) 34, 2 (2) and 48, 1 
(3) mm in ordinary (a), the logarithmic (b) and (c) the relative coordinates; (d) the cumulative mass - length distribution of the fragment, 
proposed by Grady (2010) and (e) the modified Schuhmann’s scheme for shells of different diameters 
This transition is caused by the change of the fragmentation mechanism that occurs at the points marked by arrow 
in Fig. 2a, b, and their corresponding point T shown in the diagram (Fig. 2e) that divides the diagram into two parts 
of the stable (II a) and fast (II b) change of mass at reaching the fragment length λ2 accompanied by increasing 
thickness and fragments lengths. Such sections of stable and accelerated growth of the cracks were selected also on 
the diagram of fatigue crack development by Ritchie and Knott (1973). 
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Upon reaching the length of the fragments λ3, transition to the fragmentation regime corresponding to section III 
of the diagram (table 3) proceeds. This regime is characterized by an increase in the length of the fragments at the 
mass that remains almost constant. It is probably due to the formation of a relatively small number of longitudinal 
fragments with lower thickness. The basis for this supposition is the fact that as the accumulated mass is 
proportional to the cube of the linear fragment size; increasing its length at a constant weight must be accompanied 
by a decrease both thickness and fragment width. Increased reduction value of shell fragments (table 3) with the 
increase in diameter is a confirmation of this assumption. 
The fragmentation regime on a section III also obeys a power law relation (1), but with the smaller exponent 
close to one.  
Increase in diameter of a shell leads to the fact that stages I and II are not revealed, and fragmentation begins at 
once with formation of fragments of the basic spectrum (the regime II), smaller by the size in comparison with 
fragments of shells of smaller diameter. Therefore, fragmentation diagram is shifted to the left relative diagrams 
plotted for shells of smaller diameter (curve 3 in Fig. 2a). 
Table 3 shows that the average length of the fragment, the extension of a middle part of diagram, characterized 
by the ratio F = λ3/ λ1, and the exponent n of the power law relation describing this section, depend both on the 
diameter and the mechanical properties of the shell material. The average fragment length is reduced with the 
increase in material strength, and grows with the increase in diameter. The third part appears on the diagrams plotted 
for shells of the largest diameter from steel 60 and 45Cr, and on the diagrams of ductile steel 20, on the contrary, at 
tests of shells of smaller diameters. The exponent n in (2) increases with increasing diameter, but it is significantly 
reduced at testing of the shells from steel 45Cr and 60 with the maximum diameter. 
4. Discussion 
Schuhmann’s distribution was previously plotted for brittle materials only - boron carbide and quartz glass 
(Grady, 2010). Exponent of the power law relation, which describes the distribution in these cases varied in the 
range of 0.5 <n< 1.5. The study revealed that, for the shells of relatively ductile materials (metals), it is wider and 
changes in the range of 0.9 <n< 3.5. However, the shape of distributions is preserved and remains generally similar 
(except for the third horizontal section) to the form of fatigue fracture diagrams (Ritchie and Knott, 1973) exhibiting 
an intermediate region described by a power law relation. According to Grady (2010), who paid attention to this 
similarity, the formation of linear region on diagrams in both cases is due to the absence of the characteristic size of 
the fragment, revealing the fractality of fragmentation process noted by Turcotte (1986), and due to the lack of 
dependence of the physical features of fracture on the fragment length. However, at the point T diagram (Fig. 3) 
fracture mechanism is changed as in the case of fragmentation, and in case of fatigue. 
Therefore, can be another explanation for the observed similarity of fragmentation and fatigue fracture diagrams. 
Indeed, both diagrams correspond to the power law dependences of the cumulative fragment mass (proportional to 
the cube of the fragment length) on its length (in the case of fragmentation) and of the rate of increasing the fatigue 
crack length on the range of the stress intensity factor proportional to the square root of the crack length (in the case 
of fatigue failure). 
Based on the properties of power law functions, these relationships in double logarithmic coordinates are linear in 
a certain range of crack lengths corresponding to a change of the fracture mechanism at the point T (Fig. 3). The 
length of the fatigue crack and the average length of the fragment λ2 at this point is the characteristic scale, reaching 
of which leads to an accelerated power-law growth of the cumulative fragment mass detected at Schuhmann’s 
distribution plotted in conventional coordinates (Fig. 2a). 
Fractal curve also reflects the accelerated power-law growth of perimeter of irregular line (for example, the 
perimeter of the fracture surface profile) with changing the line segment measured. The greater the irregularity of 
fracture surface profile forming at fracture of ductile metal, the greater the exponent (or the fractal dimension) of 
fractal curve. And although in this case, the failure mechanism is not changed, the characteristic size should also be 
detected on the fractal curve plotted in the usual coordinates. 
Indeed, measuring the perimeter of the irregular surface by long segment, we essentially ignore this fracture 
mechanism until the measured segment will not be comparable to details of the fracture surface. The transition to 
such a "structurally sensitive" segment of measurement is equivalent to changing the fracture mechanism, providing 
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accelerated power law growth the perimeter of fractal curve. If this does not happen, the fractal dimension is close to 
one and characteristic size of the segment measured is missing. 
At describing the Schuhmann distribution, Grady (2010) identified two scales of fragment average length λe and 
λc (designated by us λ1 и λ3) limiting the power law region of the distribution, and proposed the dimensionless 
criterion of fragmentation, equal to the ratio of these lengths: F= λc/ λe (or F= λ3/ λ1according to our notation). To 
assess the initial length of the fragment according to the proposed model, he used the ratio: 
��~3��� ����� ��,  (3) 
where Kc is the material fracture toughness, σhel is the Hugoniot dynamical elastic limit, believing apparently that the 
ratio in parentheses characterizes the size of plastic deformation zone. For boron carbide (Kc = 5 MPa√m, σhel = 15 
GPa) he received λe = 0.3 μm. 
Evaluation of the length λ1 for fragments of steel 60 with the fracture toughness ranging from 60 to 100 MPa√m, 
depending on heat treatment, and the yield strength of Hugoniot σhel = 1.44 GPa gives values λ1= 5.1 and 14.5 mm, 
respectively, which is in good agreement with the values of the length of the fragments presented in the table 3. 
5. Conclusion 
Dynamic fragmentation diagrams for the shells of the three structural steels of various diameters are plotted. 
These diagrams, described by power-law relations in the middle section, allow to connect the fracture mechanisms 
with fragmentation regimes. Exponents in these relations were estimated, and it was shown that there is the 
influence on them of the diameter and the mechanical properties of shell material. The values of the characteristic 
mass of fragments was estimated and found their reduction with an increase in the diameter of the shells. Thus, it 
was shown that the scale effect is clearly pronounced despite the geometric similarity of shells of different 
diameters. 
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